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Abstract

We have established an integration by parts formula involving Malliavinderevatives of solutions
to the delay (functional) SDE’s, See equation (1.1). The integration by parts formula which we
have established is in fact an extension of the integration by parts formula to include delay
SDE’s as well as ordinary SDE’s. The integration by parts formula which we have established
can be used to extend the formulas in work by Bally and Talay to include delay SDE’s as well as
ordinary SDE’s.
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1. Introduction

In Chapter 1 of the Ph.D. thesis of Ahmed(15) we have proved the existence and uniqueness of a
solution for certain types of delay (functional) stochastic differential equations (delay SDE’s)
with discontinuous initial data,see also(1),(9) , and the web cite www.sfde.math.siu.edu. See the
delay SDE (1.1) in the present work. Here we establish an integration by parts formula involving
solutions to such type of delay (functional) SDE’s. The integration by parts formula which we
establish can be used to extend the formulas in(2) and (3) to include delay SDE’s as well as
ordinary SDE’s. In this work we also establish some other useful applications to delay SDE’s.
Generally speaking we can say that our work extends the first three chapters of the work by
Norris to include delay SDE’s as well as ordinary SDE’s; see Theorems 2.3, 3.1 and 3.2 in (10).
We will also show in a sequal paper to this work that the distribution of the solution process has
smooth density. Also we will establish an integration by parts formula involving Malliavin
derivatives of higher order.

1.1 Notations and Definitions

The following notations and definitions will be used throughout this work: (2, F,P) is a
probability space; T is a positive real number; {F;}:¢[o,r is an increasing family of sub-o
algebras of F, each of which contains all null subsets of 2; N is the set of natural numbers;

W =W}, . ,W):[0,T] x 2 > R" is a r-dimensional normalized Brownian motion. If X is a
topological space, then B(X) denotes its Borel field. The symbol A refers to the Lebesgue
measure on R¢, and | - | denotes the Euclidean norm on R%, d € N.

Let G be a Banach space and let A be a sub-o algebra of F containing all subsets of measure
zero in F, then £2(R, A, P; G) denotes the space of all functions f:2 — G which are A-B(G)

2
measurable and are such that fQIIfIIG dP < .

The symbol L?(2, A, IP; G) denotes the Banach space (with norm determined by || f IIEZ =

fnllf(w)llf; dIP) of all equivalence classes of functions f: 2 — G which are A-B(G) measurable
and which are such that fﬂllfllg dP < co. The symbol L(R™,R") (m, n € N) denotes the space

of all linear maps from R™ to R". The symbol J refers to the interval [—1,0), and # (J) or B(J)
refers to the Borel field on J.

If X:[—1,T] x 2 - R? is a process, then for each ¢t € [0, T] and w € £ we define the map:
X.:0 - L2(],RY) by X, (w)(s) = X(t + s,w) forall s € ] and almost all w. Foreach 0 <t <
T we write [|(X (), X)II* = I1X(6)II* + [1X,]|I°. Let the function V belong to £2(2, F,, P; R%), 6
belongto L2(J X 2, H(J) ® Fp, A ® P; RY), and for £ = 1,2, ..., 7 let £ ,g¢ be functions from
[0,T] x 2 x R% x £L2(J,R%) to R%. Then a process X:[—1,T] x 2 — R¢ is called a solution of
the delay SDE with integral form

t r t , ,
X(t) = V+f0f(u,X(u),Xu)du+;fo gt (w, X (), X,)dWi(u), 0<t<T,

a(t), te]j,
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(1.1)
if
()X is B([0,T]) ® F-B(R%) measurable;

(ii)For each t € [0, T], the process X (t,") is F,-B(R%) measurable, and for each t € J, the
process X (t,) is Fo-B(R%) measurable;

(i) X € L2([-1,T] X Q,H x F,A x P; RY),
Xsatisfies the delay SDE (1.1).

The following conditions are sufficient for the existence of a unique solution to (1.1) (see [1]
and [5] ).

() € L2(Q, Fy, P; RY).

(D0 € L2 XQ,H Q Fy,A Q@ P,R?).

(iii) £, g% [0,T] x 2 x R* x £2(J,R?) - R? are such that

(@) fandg’ are B([0,T]) @ F ® B(R%) ® B(L*(J, RY))-B(R?) measurable.

(b) For each t € [0, T], the stochastic variables f(t,,-,-) and g‘(t,-,") are F, ®
B(R%) ® B(L2(J, R%))-B(R%) measurable.

(c )There exists a constant K and a function ¢ € £2(2, F, P; R%) such that
If (&, w, s, )| + Xi—1|g'(t, 0,5, )| < K(|s| + IRl + [ (w)]) (1.2)
for almost all w and for all t € [0,T]; s € R¢ and h belongs to £2(J, RY).

(d) There exists a constant K’ such that, for almost all w,

T
|f(t,w,s,h) — f(t, w,u,hy)| + Z|g"(t, w,s,h) — gi(t, w,u, hy)|
=1
< K'(|]s —u| + lhy — hy )
(1.3)

forall t € [0, T]; forall s, u € R%, and for all hy, h, € L2(J,R?).

2 Integration by parts formula

In this section we shall extend the first three chapters of the work of Norris to include not only
Stochastic Differential Equations (SDE’s), but also Delay SDE’s of type (1.1). For (X(0), X,) =
(x,8) € R* x L2(J,R%), let v = DVX*4 (t), be the Malliavin derivative of the solution process
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X*4(t). We write DVX,"* (9) = DYX*£ (¢t +9) (t € [0,T], 9 € ] = [—1,0)) for its time delay.
In the following definition we give a precise definition of the Malliavin derivative of a real-
valued functional F of Brownian motion.

1 Definition.Let F((W (s))<s<r) be a functional of r-dimensional Brownian motion, and let

v!(t)
v(t) = (Wi(t),.., v (t))" = : be a deterministic vector-valued function in
v (1)
L2([0,T], R ® R%). Then DVF((W(s))o<s<r) is given by the limit:
DYF((W(s))oss<r)

= tim(F (W(s) + el v(0)do),__ )~ F(W(sDp=z))- (21)

The mapping v = DVF((W(s))o<s<r) IS @ linear map (functional) from the space
L2([0,T], R" ® R%)to R. Here R” ® R? denotes the space of all r x d-matrices (r rows, d
columns).

v!(t)
Notice that, for v(t) = (v1(¢t), ..., v" (£))* = :  |be a deterministic matrix-valued function
v ()
in L2([0,T], R™ ® R%), U”(t) can be considered as a d x d-matrix where each entry is an R-
valued adapted stochastic process; U} can be considered as a d X d-matrix where each entry is
an L?(J, R)-valued adapted stochastic process. If M = (m]- isareal d X r matrix,

then M* = (my; )

k)lsjsd, 1<ksr

LG, 1< denotes its transposed: it is 7 X d matrix with entries my;. The

process D”Xt’"f () satisfies the following delay stochastic differential equation:

dDVX,(9) = dDYX(t + )

= (% (t+9,X(t+9),X,19)D"X(t +9)

+J%(t +9,X(t +9), Xt 49) (@)D" X 19 (@) dﬁ”) dt
) 0¢

.
0 {
+ Z % (t+0,X(t+9),X,09)D"X(t +9)dAWi(t +9)
£=1

T a P
+[Z=1j]‘a_gf(t+19'X(t+19)’Xt+19)(('0)DvXt+19((p)d(def(t+19)

+ Z gEt+9,X(t+09), X0Vt +9,X(t +09),X,49)dt, (2.2)
=1

whered belongs to J. If t + 9 belongs to J we replace t + 9 with 0in(2.2). If 9 = 0 we obtain the
delay stochastic differential equation for the process DV X (t):
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dDVX(t)
= <g(t,X(t),Xt)D”X(t) + f %(t,X (t),Xt)(ﬁ)D”Xt(ﬁ)d19> dt
0x Ji af

r 1?

t
+ (aaix (t,X(t); Xt)D”X(t) + a€ (t X(t) Xt)(ﬂ)DUXt(ﬁ)dﬁ> dW{)(t) (23)
=1

+ z 9" (6, X (), X)v'(t, X (t), X,)dt.
£=1

We also write U (t) = X"f(t) and U (¢) = X"f(t) In addition, we write UJ (¢) =

ax XfSt 11 . (the delay of U (t)) and U,, (t) = —Xxf = U12 .» the delay of the process

(t) The matrix Uj; (t) can be identified with an operator from R? to itself, the matrix
U12 (t) can be con3|dered as an linear mapping from L?(J, R%) to R%, the matrix U21 (t)asa
mapping from R? to L2(J, RY), and, finally, U3 (¢) as a mapping from L2(J, R%) to itself.
Notice that lef €3] can be considered as d X d-matrix where each entry is an R-valued adapted

stochastic process; Uy, (t) can be considered as d x d-matrix where each entry is an L2 (J, R)-
valued adapted stochastlc process. To be precise, write the solution process as a d-vector

X5 (t) = (Xf'f(t), ...,X;"g(t)), and consider the mapping (1 < j, k < d)

Ek N )(jxv(fl’---fk—lvfkfk-i—l’---fd) (t), (24)

which is a mapping from L?(J, R) to R, and where each variable &,, 1 #k, is a fixed function in
L?(J, R). The derivative of the function in (2.4) can be considered as a continuous linear

functional on L?(J, R). Therefore it can be represented as an inner-product with a function in
X

L?(J, R), which is denoted by t). Consequently, we write

a)(]x'g (t) ' )(jx!(glﬁ"-!gk—l’§k+hn'fk+1l-'-l€d)(t) _ )(jxl(gl!'-'!fk—l'fkifk-i-l"""fd)(t)
(m) =lim

&, Ho0 h

(2.5)

X (1)
] n(go)T«o)dqo, n € 2(,R).

d
X 4 ()
({)f , Where each entry
“ k=1

The process t + U;5 (t) can be identified with the matrix ¢ (

aXx'f t aXx:g
a{ OF is an L?(J, R)-function. The process t + ;‘t then stands for the L?(J x J, R)-valued
k

process given by
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X (t + )
&y

The process t = U,, (t) = U;,, can be identified with the d x d-matrix

@, ) = ()t =0, (¥,9)€]X].

X (t + )

d
3%, (w))jkl, t=0, (V,9)€]Xx].

@, ) = (

The matrix-valued process U;; (t) satisfies the following delay stochastic differential equation:

d
dU;1(t) = <—f (t, X(t), X )Up1 (0) + ];

(&, X(©), X ) (9)Ury t(ﬁ)dﬁ) dt

(2.6)
+; ( (5 X(0, X)Un (©) + f 5 (6 X0, X)O) t(ﬁ)dﬁ> aw’(o),
where Uy, = %X"f Here f o (t X(), X)) (W)U11:(9)dY isad x d matrix with real-valued

entries

d x,&

of; X}
5 L (t, x5 (), X ) (9) —=2 (9)d.
€:1£an£( () t )( ) axk ( )

Similarly the matrle (t X(t), X,)(9)U11,.(9)d9 has real-valued entries

d x,
Zf gf 6 X (0, X55) (9) Xmi(ﬁ)dz?

=1
The process Uy (t) satisfies the following delay stochastic differential equation:
dUy, (1)

= <g (t, X(t), X)) U, (t) + ];(t X(),X)()Uy, t(ﬁ)dﬁ) dt

2.7)

+ < (£, X(8), X)U12(8) +f 3¢ (£, X (1), X)) (@) U1, t(ﬁ)dﬁ> dw*(t),
£=1

where Uy, = ag xf . Similarly the matrix f o (t X(), X)) Uy (¥)dVY isad x d matrix
with has real valued entries

d X
Z Ja—f t X*4(b), Xxs‘)(a)axf f (9)dd.

m=1
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Similarly the matrix f (t X(t), X)) U1z, (9)dV has real-valued entries

Zfag] (£x7¢ @0, %) E

We shall call the solutions to the equations (2.6) and (2.7), the space flow and the L2-flow
respectively. For brevity we suppress the dependence on the initial condition (x, &) € R% x

L*(J,R?) of the matrices U, (t) = Uj’,i'E (t),j, k =1, 2. We also write
x,f x.f
t
Ut9) = ( i (© 2 ()

(t +9) U, (t +9)
delay stochastlc differential equatlon

) Then the pair (lef ORI (t)) satisfies the following

d (U11 (1), U2 (t))

of ag’

of —(tNdt+ ¥ —
Fl; 7 og

:f(_(t)dt-l' ¥ a—(t)d We(t), —= (2.8)
J

(t,9)d W*’(t)) U(t,9)dy.

Here, and in the sequel, we write £(t) and g (¢) instead of f (t, X3 (t),Xf’f) and

gt (t, X*4(t), Xf’f) respectively. For a concise formulation of the stochastic differential

equation for the matrix-valued process (U(t):t =) and its inverse we introduce the following
stochastic differentials:

) —9g?
hy () =£(t)dt+2%(t)dwf’(t); (2.9)
=1

) —agt
he (£) =a—£(t)dt+2%(t)dwf(t) (2.10)
=1

r £
he(t,9) = % (t,9)dt+ Z aaif (t,9)d Wi (t)(2.11)
=1

Notice that h, (t,-) is a process of stochastic differentials, which can be considered as a
differential with coefficients in LZ(] R<). It is mentioned that in the present paper we will
mainly be using the process U;; (t) in fact as of now we write U(t) instead of U;; (t)

The process U(t) satisfies the following Delay Stochastic Differential Equation:
dU(t) = hy(£) 2 U(E) + [ he (6,9) © U, (9)d9, (2.12)
and its delay (U,:t = 0) satisfies:
AU () = hye () 2 Ue() + [ he e (- 9) 0 Ups. (@) dp. (2.13)
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where, for 9 € J, ([E: SDEU delayl]) is equivalent to
dU(t+9) =h,(t+9)oU(t+9) + f] he (t +9)(@)U,19 (@)do. (2.14)

Here, symbols like h, (t) o U(t) and h, (t) o U, have to be interpreted as Stratonovich

differentials. In other words the integrals fot h, (s) o U(s) and fot he (s) o Ug must be treated as
Stratonovich integrals. Put F(t) = U(t)V(t), and suppose that F(0) = I and

dF(6) = hy(6) o F(£) = F(£) o hy (£) + f] he (t,0) © Fu(@)dp — f] F, (¢) © he (¢, 9)dg,

with F(0) = 1. Then F(t) = U(t)V(t) = I. This follows from the uniqueness part of the theory
of stochastic differential equations. This means that if the process (U(t): t = 0) is given, then
V(t) is its inverse.

Let us recall the following equations:

U)v(t) =U0)V(0) =1, and thus (2.16)
0= d[UGOVO]®) =dUu@)V(E)+U@)dv) +d <U(), V() > (t). (2.17)
Then by multiplying equation (2.17) by V (t) and using the fact that U(t)V (t) = I we obtain
V)au@)ve)+dve) +ve)d < U@), V(i) > (@) =0 (2.18)

We also recall the already given equation
dUu(t) = h,()U(t) + f] he (t,9)U,(9)dd. (2.19)

Next we observe that equations (2.18) and (2.19) and U(t)V (t) = I enable us to rewrite
d < U(-), V() > (t) in the following form

V(O () + V(E) J; he (69U ()AIV () +dV(e) +V()d < UC),V() > () = 0. (2.20)

Observe that equations (2.18) and (2.20) are equivalent. Then by looking at the martingale parts
of the SDE’s (2.19) and (2.20) we can compute the covariance process in (2.20) and get
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d<U()V()>(t)

t’
Z—(t)U(t)V(t)—(t)dt—z (t)U(t)V(t) f or (OO V(D)

9
—z.f;y(t,ﬂ)Ut(ﬁ)dﬁ V(t)%(t)d t
=1

_ifa—g[(t U, (9)d? V(t)fa—g[(t NU(9)doV (t)d t
Lo ag

B - dgt ? - agt agt
_ _Z<W@) dt—zﬁ(t) f e COINOLIIGIE

2

- f 5 (t N, (9)dI V(t)—(t)dt—Zf( (t, 9)U, (9)dd V(t))

=
2
- _ <_() f —(t 19)Ut(z9)dz9V(t)> (2.21)

It follows that VV(t) satisfies the following stochastic differential equation:

dv(t) = —V(Dhy(t) = V(t) (I he (£, 9V, (9)a9) V (©)

2
— [ ag? ag’
+V(t);<a(t)+ f a—f(t 19)Ut(19)d19V(t)> dt.  (222)

Remark:Now we try the following Delay Stochastic Differential Equation:
dv(t) = =V (t)h,(t) — f] Ve @he (t,9)d9 + V(DA t + f] V., (9)B(t,9)dddt. (2.23)
Suppose that a process like V(t), t = 0, exists; i.e. suppose that U(t)V(t) = V(t)U(t) =1 (on

an appropriate Hilbert space). Then a combination of (2.23), (2.19), (2.20), (2.21), and (2.10)
yields:
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V(t)h,(t) + V() f] he (£,9)U(9)dIV (£) — V (£)h () — f] Ve (9)he (t,9)d9

+V (At + f V, (9)B(t,9)dd dt
]

—ag? ag’

V() Z 29 Huwyv( % (DOdt
—V(t)za—(t)U(t)V(t) f —(t 9)U,(9)ddV (t)d t
f
—V(t)z f —(t 9)U,(9)d9 V(t)—(t)dt
ag’
vy [ 2 ou.@dove) | 20U, @)dovd
5 [ comcono |2
— V() f Y (¢, 9)U,(8)d9 V(L) dt + z 20 J 99" AW, (B)dS V(D)
of

th (9) 3¢ (6,9)d9 dt - Z f]Vt (ﬁ)a—f(t,ﬁ)dﬁd we(t)
=1

LV (DA + f V, (9)B(t, 9)dd dt
V() z (— (t)) dt— V(t)za—(t) J —(t 9, (9)d9 V(D)d t
{’
—V(t)z J —(t 9)U, (9)d9 V(t)—(t)dt

2

—V(t)Z( e (t 9)U, (9)d9 V(t)) t=0.

(2.24)
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A possible choice for A(t) could be

A(t) = —f]%(t,ﬁ)Ut(ﬁ)dﬂ V(t) (2.25)

(29 Y L N9 (99 U, (9)dOV
+€Z=1<W(t)> +€Z=1E(t)j]‘¥(tl ) t( ) (t)

r ag’ ag’ r ag’
+ Z f (’)_E (&, DU, (9)dIV(t) s (t) + 2 (f] ¥ (t,9)U,(I)dV V(t))

2

2

of
) 08

and for B(t) it could be

—= (t,9)U,(9)dI V() + z (— ) + f ; (t N, (9)dI V(t))

B(t) = % (®). (2.26)
In order to achieve (2.24) we are then lead to the equation

ShaV (0 [ 2 (6 )W U (9)dsV (1) — Ty [, Ve (9) 2L (¢, 8)dod (1) =
0. (2.27)

Equation (2.27) is equivalent to the following one:
L}V O L (60 d WU, @)dsV(O) = Ty f) Ve ()L (6, 0)ddd (D). (2.28)

If (2.28) were true then the choice (2.25) and (2.26) of the respective processes A(t) and B(t)
would result in the following equation for V (t):
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V()=  —V(Ohy(t) - f V, (9)he (t,9)dd — V (t) f Y (¢, 9)U,(9)doV () dt
+V(t)z<— (t)) dt + V(t)zﬁ(t) f a—f(t,ﬁ)Ut(ﬁ)dﬁ V(t) dt
=1

{’
+V(t)2f—(t 9)U, (9)dd V(t)—(t) dt

2
+V(t)2f<— (t, 9)U, (9)dd V(t)) dt+th (ﬁ)—];(t 9)dd dt

= —V(t) o (t)dt - V() 2 - (t)dW{’(t)

r 1,”
th (19)—5(t ,0)d9 dW?(t) — V(t) j —];(t NU(9)dI V(t)dt

4=1

+V(t)z (— (t)> dt + V(t)za—(t) j —(t 9, (9)dOV (&) dt
{’
+V(t)2f—(t 9)U, (9)dY V(t)—(t) dt

V() Z <fj 5 (LOU0)d0 V(t)) dt
=1

9 - g°
= —V(t)%(t)dt — V(t)za—‘i(t)de(t)
=1

T f v, (19)(’;—‘9{)(1: 9)d® AW () — V() f g—f(t 9)U, (9)d9V (¢) dt
£ ¢ 3 2
+V(t);<W () + j a—f(t 9)U, (9)d9V (£) dt) . (2.29)

Consequently, equation (2.22) and equation (2.29) are equivalent, provided condition (2.28) is
satisfied.

Remark.Next we get the delay SDE for V, as follows:
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Ofis.
th == _Vthx,t - th+. (19)hf,t (19) dl9 - Vt f £ (ﬂ)Ut+(19) dﬁVt dt
J

r 2

dgt agt agts.
=1

2

+Vtz f giv. O, ,.(9) d19Vt dt+Vt2 f < gir (19)Ut+.(19)d19Vt> dt
ft+

+V,p. (9) (9) do dt

£=1

gt ft+
Z f Ver () =g @)ava ~v, |

¢

+Vtz<%> dt+VtZ 99: g” 29t 9y)u,,.(9)doV, dt
]

= U, ,.(9)dIV,dt

2

=1
9 — (a4},
+Vtz f 9ir (O, ,.(9)dOV, a‘gt dt+Vtz j ( Iit (19)Ut+.(19)d19Vt> dt
=

a¢
= _Vt d - Vtz: th

0fts.
a¢

gt+

Py () U,,.(9)dOV,dt

T f Vi (9) 2ix

(®)d9dWrt —V, f
=1 J

2

— /9 agi,.
HGZ(%JF f g” (19)Ut+.(19)d19Vt> dt. (2.30)
e ;%

Remark. (a)All the results which we have established in this work can be extended by
replacing the Brownian motion W by another process Z: [0,a] x 22 — RY, (d € N) whichisa
continuous martingale adapted to {F,}.¢0,o] @nd has independent increments and satisfies with

some constant K the inequalities

E[Z(t) — Z(s)]|F;| < K(t — s)and
E(Z(t) —Z(S)*|FD < K(t—s)for0 <s<t<T

Observe that the above properties of Z which we have just mentioned are the only properties of
Wwhich we have used (in case of Brownian motion) to prove the results which we have obtained
in this work.See (1) and (15).
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(b) All the lemmas and theorems in this work hold for any delay interval /' = [-r,0) (r = 0)in
placeof ] = [—1,0).See (1) and(15) .
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