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Abstract 

We have established an integration by parts formula involving Malliavinderevatives of solutions 

to the delay (functional) SDE’s, See equation (1.1). The integration by parts formula which we 

have established is in fact an extension of the integration by parts formula to include delay 

SDE’s as well as ordinary SDE’s. The integration by parts formula which we have established 

can be used to extend the formulas in work by Bally and Talay to include delay SDE’s as well as 

ordinary SDE’s. 
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1. Introduction 

In Chapter 1 of the Ph.D. thesis of Ahmed(15)  we have proved the existence and uniqueness of a 

solution for certain types of delay (functional) stochastic differential equations (delay SDE’s) 

with discontinuous initial data,see also(1),(9) , and the web cite www.sfde.math.siu.edu. See the 

delay SDE (1.1) in the present work. Here we establish an integration by parts formula involving 

solutions to such type of delay (functional) SDE’s. The integration by parts formula which we 

establish can be used to extend the formulas in(2)  and (3) to include delay SDE’s as well as 

ordinary SDE’s. In this work we also establish some other useful applications to delay SDE’s. 

Generally speaking we can say that our work extends the first three chapters of the work by 

Norris to include delay SDE’s as well as ordinary SDE’s; see Theorems 2.3, 3.1 and 3.2 in (10). 

We will also show in a sequal paper to this work that the distribution of the solution process has 

smooth density. Also we will establish an integration by parts formula involving Malliavin 

derivatives of higher order. 

1.1 Notations and Definitions 

The following notations and definitions will be used throughout this work: (𝛺, ℱ, ℙ) is a 

probability space; 𝑇 is a positive real number; {ℱ𝑡}𝑡∈[0,𝑇] is an increasing family of sub-𝜎 

algebras of ℱ, each of which contains all null subsets of 𝛺; ℕ is the set of natural numbers; 

𝑊 =  𝑊1, … ,𝑊𝑟 : [0, 𝑇] × 𝛺 → ℝ𝑟  is a 𝑟-dimensional normalized Brownian motion. If 𝑋 is a 

topological space, then ℬ(𝑋) denotes its Borel field. The symbol 𝜆 refers to the Lebesgue 

measure on ℝ𝑑 , and | ⋅ | denotes the Euclidean norm on ℝ𝑑 , 𝑑 ∈ ℕ. 

Let 𝐺 be a Banach space and let 𝒜 be a sub-𝜎 algebra of ℱ containing all subsets of measure 

zero in ℱ, then ℒ2(𝛺,𝒜,ℙ; 𝐺) denotes the space of all functions 𝑓: 𝛺 → 𝐺 which are 𝒜-ℬ(𝐺) 

measurable and are such that    𝑓  𝐺
2

𝛺
𝑑ℙ < ∞. 

The symbol 𝐿2 𝛺,𝒜, ℙ; 𝐺  denotes the Banach space (with norm determined by   𝑓  𝐿2
2 =

   𝑓(𝜔)  𝐺
2

𝛺
𝑑ℙ) of all equivalence classes of functions 𝑓: 𝛺 → 𝐺 which are 𝒜-ℬ(𝐺) measurable 

and which are such that    𝑓  𝐺
2

𝛺
𝑑ℙ < ∞. The symbol 𝐿 ℝ𝑚 , ℝ𝑛  (𝑚, 𝑛 ∈ ℕ) denotes the space 

of all linear maps from ℝ𝑚  to ℝ𝑛 . The symbol 𝐽 refers to the interval [−1,0), and ℋ(𝐽) or ℬ(𝐽) 

refers to the Borel field on 𝐽. 

If 𝑋: [−1, 𝑇] × 𝛺 → ℝ𝑑  is a process, then for each 𝑡 ∈ [0, 𝑇] and 𝜔 ∈ 𝛺 we define the map: 

𝑋𝑡 : 𝛺 → ℒ2(𝐽, ℝ𝑑) by 𝑋𝑡(𝜔)(𝑠) = 𝑋(𝑡 + 𝑠, 𝜔) for all 𝑠 ∈ 𝐽 and almost all 𝜔. For each 0 ≤ 𝑡 ≤

𝑇 we write   (𝑋(𝑡), 𝑋𝑡)  
2 =   𝑋(𝑡)  

2 +   𝑋𝑡  
2
. Let the function 𝑉 belong to ℒ2 𝛺, ℱ0, ℙ; ℝ𝑑 , 𝜃 

belong to ℒ2 𝐽 × 𝛺,ℋ(𝐽)⊗ ℱ0, 𝜆 ⊗ ℙ;ℝ𝑑 , and for ℓ = 1,2, … , 𝑟 let 𝑓 ,𝑔ℓ be functions from 

[0, 𝑇] × 𝛺 × ℝ𝑑 × ℒ2(𝐽, ℝ𝑑) to ℝ𝑑 . Then a process 𝑋: [−1, 𝑇] × 𝛺 → ℝ𝑑  is called a solution of 

the delay SDE with integral form  

𝑋(𝑡) =  
𝑉 + 𝑓

𝑡

0

 𝑢, 𝑋(𝑢), 𝑋𝑢 𝑑𝑢 +  𝑔ℓ
𝑡

0

𝑟

ℓ=1

 𝑢, 𝑋(𝑢), 𝑋𝑢  𝑑𝑊
ℓ(𝑢), 0 ≤ 𝑡 ≤ 𝑇,

𝜃(𝑡), 𝑡 ∈ 𝐽,
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(1.1)  

if 

(i)𝑋 is ℬ([0, 𝑇]) ⊗ ℱ-ℬ(ℝ𝑑) measurable; 

(ii)For each 𝑡 ∈ [0, 𝑇], the process 𝑋(𝑡,⋅) is ℱ𝑡-ℬ(ℝ𝑑) measurable, and for each 𝑡 ∈ 𝐽, the 

process 𝑋(𝑡,⋅) is ℱ0-ℬ(ℝ𝑑) measurable; 

(iii) 𝑋 ∈ ℒ2([−1, 𝑇] × 𝛺,ℋ × ℱ, 𝜆 × ℙ;ℝ𝑑), 

 𝑋satisfies the delay SDE (1.1). 

The following conditions are sufficient for the existence of a unique solution to (1.1) (see  [1] 

and [5] ). 

(i)𝑉 ∈ ℒ2(𝛺, ℱ0, ℙ; ℝ𝑑). 

(𝑖𝑖)𝜃 ∈ ℒ2(𝐽 × 𝛺,ℋ ⊗ℱ0, 𝜆 ⊗ ℙ,ℝ𝑑). 

(iii) 𝑓, 𝑔ℓ: [0, 𝑇] × 𝛺 × ℝ𝑑 × ℒ2(𝐽, ℝ𝑑) → ℝ𝑑  are such that 

(a) 𝑓and𝑔ℓ are ℬ([0, 𝑇]) ⊗ ℱ ⊗ℬ(ℝ𝑑) ⊗ ℬ 𝐿2(𝐽, ℝ𝑑) -ℬ(ℝ𝑑) measurable. 

(b) For each 𝑡 ∈ [0, 𝑇], the stochastic variables 𝑓(𝑡,⋅,⋅,⋅) and 𝑔ℓ(𝑡,⋅,⋅,⋅) are ℱ𝑡 ⊗
ℬ(ℝ𝑑) ⊗ ℬ ℒ2(𝐽, ℝ𝑑) -ℬ(ℝ𝑑) measurable. 

(c )There exists a constant 𝐾 and a function 𝜁 ∈ ℒ2(𝛺, ℱ, ℙ; ℝ𝑑) such that  

 𝑓(𝑡, 𝜔, 𝑠, 𝑕) +   𝑔ℓ(𝑡, 𝜔, 𝑠, 𝑕) 𝑟
ℓ=1 ≤ 𝐾 |𝑠| +  𝑕 +  𝜁(𝜔)                         (1.2) 

for almost all 𝜔 and for all 𝑡 ∈ [0, 𝑇]; 𝑠 ∈ ℝ𝑑  and 𝑕 belongs to ℒ2(𝐽, ℝ𝑑). 

             (d)  There exists a constant 𝐾′ such that, for almost all 𝜔,  

 𝑓 𝑡, 𝜔, 𝑠, 𝑕1 − 𝑓 𝑡, 𝜔, 𝑢, 𝑕2  +  𝑔ℓ 𝑡, 𝜔, 𝑠, 𝑕1 − 𝑔
ℓ 𝑡, 𝜔, 𝑢, 𝑕2  

𝑟

ℓ=1

≤ 𝐾′ |𝑠 − 𝑢| +   𝑕1 − 𝑕2   

 

(1.3) 

 for all 𝑡 ∈ [0, 𝑇]; for all 𝑠, 𝑢 ∈ ℝ𝑑 , and for all 𝑕1, 𝑕2 ∈ ℒ
2(𝐽, ℝ𝑑). 

2     Integration by parts formula 

In this section we shall extend the first three chapters of the work of Norris  to include not only 

Stochastic Differential Equations (SDE’s), but also Delay SDE’s of type (1.1). For  𝑋(0), 𝑋0 =
 𝑥, 𝜉 ∈ ℝ𝑑 × 𝐿2 𝐽, ℝ𝑑 , let 𝑣 ↦ 𝐷𝑣𝑋𝑥,𝜉(𝑡), be the Malliavin derivative of the solution process 
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𝑋𝑥,𝜉(𝑡). We write 𝐷𝑣𝑋𝑡
𝑥 ,𝜉

(𝜗) = 𝐷𝑣𝑋𝑥,𝜉(𝑡 + 𝜗) (𝑡 ∈ [0, 𝑇], 𝜗 ∈ 𝐽 = [−1,0)) for its time delay. 

In the following definition we give a precise definition of the Malliavin derivative of a real-

valued functional 𝐹 of Brownian motion. 

1 Definition.Let 𝐹  𝑊(𝑠) 0≤𝑠≤𝑇  be a functional of 𝑟-dimensional Brownian motion, and let 

𝑣(𝑡) =  𝑣1(𝑡),… , 𝑣𝑟(𝑡) ∗ =  
𝑣1(𝑡)
⋮

𝑣𝑟(𝑡)
  be a deterministic vector-valued function in 

𝐿2 [0, 𝑇], ℝ𝑟 ⊗ℝ𝑑 . Then 𝐷𝑣𝐹  𝑊(𝑠) 0≤𝑠≤𝑇  is given by the limit: 

𝐷𝑣𝐹  𝑊(𝑠) 0≤𝑠≤𝑇 

= lim
𝜀↓0

1

𝜀
 𝐹   𝑊(𝑠) + 𝜀 

0

𝑠
𝑣(𝜎)𝑑𝜎 

0≤𝑠≤𝑠
 − 𝐹  𝑊(𝑠) 0≤𝑠≤𝑡  .

                    (2.1) 

 The mapping 𝑣 ↦ 𝐷𝑣𝐹  𝑊(𝑠) 0≤𝑠≤𝑇  is a linear map (functional) from the space 

𝐿2 [0, 𝑇], ℝ𝑟 ⊗ℝ𝑑 to ℝ. Here ℝ𝑟 ⊗ℝ𝑑  denotes the space of all 𝑟 × 𝑑-matrices (𝑟 rows, 𝑑 

columns). 

Notice that, for 𝑣(𝑡) =  𝑣1(𝑡),… , 𝑣𝑟(𝑡) 𝜏 =  
𝑣1(𝑡)
⋮

𝑣𝑟(𝑡)
 be a deterministic matrix-valued function 

in 𝐿2 [0, 𝑇], ℝ𝑟 ⊗ℝ𝑑 , 𝑈𝑣(𝑡) can be considered as a 𝑑 × 𝑑-matrix where each entry is an ℝ-

valued adapted stochastic process; 𝑈𝑡
𝑣 can be considered as a 𝑑 × 𝑑-matrix where each entry is 

an 𝐿2 𝐽, ℝ -valued adapted stochastic process. If 𝑀 =  𝑚𝑗𝑘  1≤𝑗≤𝑑, 1≤𝑘≤𝑟
 is a real 𝑑 × 𝑟 matrix, 

then 𝑀𝜏 =  𝑚𝑘𝑗  1≤𝑘≤𝑟, 1≤𝑗≤𝑑
 denotes its transposed: it is 𝑟 × 𝑑 matrix with entries 𝑚𝑘𝑗 . The 

process 𝐷𝑣𝑋𝑡
𝑥,𝜉

(⋅) satisfies the following delay stochastic differential equation:  

𝑑𝐷𝑣𝑋𝑡(𝜗) = 𝑑𝐷𝑣𝑋(𝑡 + 𝜗)

=  
𝜕𝑓

𝜕𝑥
 𝑡 + 𝜗, 𝑋(𝑡 + 𝜗), 𝑋𝑡+𝜗 𝐷

𝑣𝑋(𝑡 + 𝜗) 

  + 
𝜕𝑓

𝜕𝜉𝐽

 𝑡 + 𝜗, 𝑋(𝑡 + 𝜗), 𝑋𝑡+𝜗 (𝜑)𝐷𝑣𝑋𝑡+𝜗(𝜑) 𝑑𝜑  𝑑𝑡

 + 
𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

 𝑡 + 𝜗, 𝑋(𝑡 + 𝜗), 𝑋𝑡+𝜗 𝐷
𝑣𝑋(𝑡 + 𝜗)𝑑𝑊ℓ(𝑡 + 𝜗)

 +  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

 𝑡 + 𝜗, 𝑋(𝑡 + 𝜗), 𝑋𝑡+𝜗 (𝜑)𝐷𝑣𝑋𝑡+𝜗(𝜑) 𝑑𝜑 𝑑𝑊ℓ(𝑡 + 𝜗)

 + 𝑔ℓ
𝑟

ℓ=1

 𝑡 + 𝜗, 𝑋 𝑡 + 𝜗 , 𝑋𝑡+𝜗 𝑣
ℓ 𝑡 + 𝜗, 𝑋 𝑡 + 𝜗 , 𝑋𝑡+𝜗 𝑑𝑡, (2.2)

 

where𝜗 belongs to 𝐽. If 𝑡 + 𝜗 belongs to 𝐽 we replace 𝑡 + 𝜗 with 0in(2.2). If 𝜗 = 0 we obtain the 

delay stochastic differential equation for the process 𝐷𝑣𝑋(𝑡):  
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𝑑𝐷𝑣𝑋 𝑡 

=  
𝜕𝑓

𝜕𝑥
 𝑡, 𝑋 𝑡 , 𝑋𝑡 𝐷

𝑣𝑋 𝑡 +  
𝜕𝑓

𝜕𝜉𝐽

 𝑡, 𝑋 𝑡 , 𝑋𝑡  𝜗 𝐷
𝑣𝑋𝑡 𝜗 𝑑𝜗 𝑑𝑡

+  
𝜕𝑔ℓ

𝜕𝑥
 𝑡, 𝑋 𝑡 , 𝑋𝑡 𝐷

𝑣𝑋 𝑡 +  
𝜕𝑔ℓ

𝜕𝜉𝐽

 𝑡, 𝑋 𝑡 , 𝑋𝑡  𝜗 𝐷
𝑣𝑋𝑡 𝜗 𝑑𝜗 

𝑟

ℓ=1

𝑑𝑊ℓ 𝑡 

+ 𝑔ℓ
𝑟

ℓ=1

 𝑡, 𝑋 𝑡 , 𝑋𝑡 𝑣
ℓ 𝑡, 𝑋 𝑡 , 𝑋𝑡 𝑑𝑡.

          (2.3) 

 We also write 𝑈11
𝑥,𝜉

(𝑡) =
𝜕

𝜕𝑥
𝑋𝑥,𝜉(𝑡), and 𝑈12

𝑥,𝜉
(𝑡) =

𝜕

𝜕𝜉
𝑋𝑥,𝜉(𝑡). In addition, we write 𝑈21

𝑥,𝜉
(𝑡) =

𝜕

𝜕𝑥
𝑋𝑡
𝑥,𝜉

= 𝑈11,𝑡
𝑥,𝜉

 (the delay of 𝑈11
𝑥,𝜉

(𝑡)), and 𝑈22
𝑥,𝜉

(𝑡) =
𝜕

𝜕𝜉
𝑋𝑡
𝑥,𝜉

= 𝑈12,𝑡
𝑥,𝜉

, the delay of the process 

𝑈12
𝑥,𝜉

(𝑡). The matrix 𝑈11
𝑥,𝜉

(𝑡) can be identified with an operator from ℝ𝑑  to itself, the matrix 

𝑈12
𝑥,𝜉

(𝑡) can be considered as an linear mapping from 𝐿2 𝐽, ℝ𝑑  to ℝ𝑑 , the matrix 𝑈21
𝑥,𝜉

(𝑡) as a 

mapping from ℝ𝑑  to 𝐿2 𝐽, ℝ𝑑 , and, finally, 𝑈22
𝑥,𝜉

(𝑡) as a mapping from 𝐿2 𝐽, ℝ𝑑  to itself. 

Notice that 𝑈11
𝑥,𝜉

(𝑡) can be considered as 𝑑 × 𝑑-matrix where each entry is an ℝ-valued adapted 

stochastic process; 𝑈12
𝑥,𝜉

(𝑡) can be considered as 𝑑 × 𝑑-matrix where each entry is an 𝐿2 𝐽, ℝ -
valued adapted stochastic process. To be precise, write the solution process as a 𝑑-vector 

𝑋𝑥,𝜉(𝑡) =  𝑋1
𝑥,𝜉

(𝑡), … , 𝑋𝑑
𝑥,𝜉

(𝑡) , and consider the mapping (1 ≤ 𝑗, 𝑘 ≤ 𝑑)  

𝜉𝑘 → 𝑋𝑗
𝑥 , 𝜉1 ,…,𝜉𝑘−1 ,𝜉𝑘 ,𝜉𝑘+1 ,…,𝜉𝑑  (𝑡),                 (2.4) 

which is a mapping from 𝐿2 𝐽, ℝ  to ℝ, and where each variable 𝜉ℓ, l ≠k,  is a fixed function in 

𝐿2 𝐽, ℝ . The derivative of the function in (2.4) can be considered as a continuous linear 

functional on 𝐿2 𝐽, ℝ . Therefore it can be represented as an inner-product with a function in 

𝐿2 𝐽, ℝ , which is denoted by 
𝜕𝑋𝑗

𝑥 ,𝜉
(𝑡)

𝜕𝜉𝑘
. Consequently, we write  

𝜕𝑋𝑗
𝑥 ,𝜉 𝑡 

𝜕𝜉𝑘
 𝜂 = lim

𝑕→0

𝑋𝑗
𝑥, 𝜉1 ,…,𝜉𝑘−1 ,𝜉𝑘+𝑕𝜂,𝜉𝑘+1 ,…,𝜉𝑑   𝑡 − 𝑋𝑗

𝑥, 𝜉1 ,…,𝜉𝑘−1 ,𝜉𝑘 ,𝜉𝑘+1 ,…,𝜉𝑑   𝑡 

𝑕

=  𝜂
𝐽

 𝜑 
𝜕𝑋𝑗

𝑥 ,𝜉 𝑡 

𝜕𝜉𝑘
 𝜑 𝑑𝜑,    𝜂 ∈ 𝐿2 𝐽, ℝ .

           (2.5) 

 The process 𝑡 ↦ 𝑈12
𝑥,𝜉

(𝑡) can be identified with the matrix 𝑡 ↦  
𝜕𝑋𝑗

𝑥 ,𝜉
(𝑡)

𝜕𝜉𝑘
 
𝑗 ,𝑘=1

𝑑

, where each entry 

𝜕𝑋𝑗
𝑥 ,𝜉

(𝑡)

𝜕𝜉𝑘
 is an 𝐿2 𝐽, ℝ -function. The process 𝑡 ↦

𝜕𝑋𝑗 ,𝑡
𝑥 ,𝜉

𝜕𝜉𝑘
 then stands for the 𝐿2 𝐽 × 𝐽, ℝ -valued 

process given by  
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(𝑡, (𝜗, 𝜑)) ↦
𝜕𝑋𝑗

𝑥 ,𝜉
(𝑡 + 𝜗)

𝜕𝜉𝑘
(𝜑), 𝑡 ≥ 0,  (𝜗, 𝜑) ∈ 𝐽 × 𝐽. 

 The process 𝑡 ↦ 𝑈22(𝑡) = 𝑈12,𝑡  can be identified with the 𝑑 × 𝑑-matrix  

(𝑡, (𝜗, 𝜑)) ↦  
𝜕𝑋𝑗

𝑥,𝜉
(𝑡 + 𝜗)

𝜕𝜉𝑘
(𝜑) 

𝑗 ,𝑘=1

𝑑

,   𝑡 ≥ 0,  (𝜗, 𝜑) ∈ 𝐽 × 𝐽. 

 The matrix-valued process 𝑈11
𝑥,𝜉

(𝑡) satisfies the following delay stochastic differential equation:  

𝑑𝑈11(𝑡) =  
𝜕𝑓

𝜕𝑥
 𝑡, 𝑋(𝑡), 𝑋𝑡 𝑈11(𝑡) +  

𝜕𝑓

𝜕𝜉𝐽

 𝑡, 𝑋(𝑡), 𝑋𝑡 (𝜗)𝑈11,𝑡(𝜗)𝑑𝜗 𝑑𝑡

+  
𝜕𝑔ℓ

𝜕𝑥
 𝑡, 𝑋(𝑡), 𝑋𝑡 𝑈11(𝑡) +  

𝜕𝑔ℓ

𝜕𝜉𝐽

 𝑡, 𝑋(𝑡), 𝑋𝑡 (𝜗)𝑈11,𝑡(𝜗)𝑑𝜗 

𝑟

ℓ=1

 𝑑𝑊ℓ(𝑡),

            (2.6) 

where 𝑈11,𝑡 =
𝜕

𝜕𝑥
𝑋𝑡
𝑥,𝜉

. Here  
𝜕𝑓

𝜕𝜉𝐽
 𝑡, 𝑋(𝑡), 𝑋𝑡 (𝜗)𝑈11,𝑡(𝜗)𝑑𝜗 is a 𝑑 × 𝑑 matrix with real-valued 

entries  

  
𝜕𝑓𝑗

𝜕𝜂ℓ𝐽

𝑑

ℓ=1

 𝑡, 𝑋𝑥,𝜉(𝑡), 𝑋𝑡
𝑥 ,𝜉
 (𝜗)

𝜕𝑋ℓ,𝑡
𝑥 ,𝜉

𝜕𝑥𝑘
(𝜗)𝑑𝜗. 

 Similarly the matrix  
𝜕𝑔ℓ

𝜕𝜉𝑘𝐽
 𝑡, 𝑋(𝑡), 𝑋𝑡 (𝜗)𝑈11,𝑡(𝜗)𝑑𝜗 has real-valued entries  

  
𝜕𝑔𝑗

ℓ

𝜕𝜂𝑚𝐽

𝑑

𝑚=1

 𝑡, 𝑋𝑥,𝜉(𝑡), 𝑋𝑡
𝑥,𝜉
 (𝜗)

𝜕𝑋𝑚,𝑡
𝑥,𝜉

𝜕𝑥𝑘
(𝜗)𝑑𝜗. 

 The process 𝑈12
𝑥,𝜉

(𝑡) satisfies the following delay stochastic differential equation:  

𝑑𝑈12(𝑡)

=  
𝜕𝑓

𝜕𝑥
 𝑡, 𝑋(𝑡), 𝑋𝑡 𝑈12(𝑡) +  

𝜕𝑓

𝜕𝜉𝐽

 𝑡, 𝑋(𝑡), 𝑋𝑡 (𝜗)𝑈12,𝑡(𝜗)𝑑𝜗 𝑑𝑡

 +  
𝜕𝑔ℓ

𝜕𝑥
 𝑡, 𝑋(𝑡), 𝑋𝑡 𝑈12(𝑡) +  

𝜕𝑔ℓ

𝜕𝜉𝐽

 𝑡, 𝑋(𝑡), 𝑋𝑡 (𝜗)𝑈12,𝑡(𝜗)𝑑𝜗 

𝑟

ℓ=1

 𝑑𝑊ℓ(𝑡),

      (2.7) 

where 𝑈12,𝑡 =
𝜕

𝜕𝜉
𝑋𝑡
𝑥,𝜉

. Similarly the matrix  
𝜕𝑓

𝜕𝜉𝐽
 𝑡, 𝑋(𝑡), 𝑋𝑡 (𝜗)𝑈12,𝑡(𝜗)𝑑𝜗 is a 𝑑 × 𝑑 matrix 

with has real-valued entries  

  
𝜕𝑓𝑗

𝜕𝜂𝑚𝐽

𝑑

𝑚=1

 𝑡, 𝑋𝑥,𝜉(𝑡), 𝑋𝑡
𝑥,𝜉
 (𝜗)

𝜕𝑋𝑚,𝑡
𝑥,𝜉

𝜕𝜉𝑘
(𝜗)𝑑𝜗. 
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 Similarly the matrix  
𝜕𝑔ℓ

𝜕𝜉𝐽
 𝑡, 𝑋(𝑡), 𝑋𝑡 (𝜗)𝑈12,𝑡(𝜗)𝑑𝜗 has real-valued entries  

  
𝜕𝑔𝑗

ℓ

𝜕𝜂𝑚𝐽

𝑑

𝑚=1

 𝑡, 𝑋𝑥,𝜉(𝑡), 𝑋𝑡
𝑥,𝜉
 (𝜗)

𝜕𝑋𝑚,𝑡
𝑥,𝜉

𝜕𝜉𝑘
(𝜗)𝑑𝜗. 

 We shall call the solutions to the equations (2.6) and (2.7), the space flow and the 𝐿2-flow 

respectively. For brevity we suppress the dependence on the initial condition (𝑥, 𝜉) ∈ ℝ𝑑 ×

𝐿2 𝐽, ℝ𝑑  of the matrices 𝑈𝑗𝑘 (𝑡) = 𝑈𝑗𝑘
𝑥,𝜉

(𝑡), 𝑗, 𝑘 = 1,  2. We also write 

𝑈(𝑡, 𝜗) =  
𝑈11
𝑥,𝜉

(𝑡) 𝑈12
𝑥,𝜉

(𝑡)

𝑈11
𝑥,𝜉

(𝑡 + 𝜗) 𝑈12
𝑥,𝜉

(𝑡 + 𝜗)
 . Then the pair  𝑈11

𝑥,𝜉
(𝑡), 𝑈12

𝑥,𝜉
(𝑡)  satisfies the following 

delay stochastic differential equation:  

𝑑  𝑈11(𝑡), 𝑈12(𝑡) 

=   
𝜕𝑓

𝜕𝑥
(𝑡)𝑑 𝑡 +  

ℓ=1
𝑟

𝜕𝑔ℓ

𝜕𝑥
(𝑡)𝑑 𝑊ℓ(𝑡),

𝜕𝑓

𝜕𝜉
(𝑡, 𝜗)𝑑 𝑡 +  

ℓ=1
𝑟

𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑑 𝑊ℓ(𝑡) 

𝐽

𝑈(𝑡, 𝜗)𝑑𝜗.
          (2.8) 

 Here, and in the sequel, we write 𝑓(𝑡) and 𝑔ℓ(𝑡) instead of 𝑓  𝑡, 𝑋𝑥,𝜉(𝑡), 𝑋𝑡
𝑥 ,𝜉
  and 

𝑔ℓ  𝑡, 𝑋𝑥,𝜉(𝑡), 𝑋𝑡
𝑥,𝜉
  respectively. For a concise formulation of the stochastic differential 

equation for the matrix-valued process  𝑈(𝑡): 𝑡 ≥  and its inverse we introduce the following 

stochastic differentials:  

𝑕𝑥(𝑡) =
𝜕𝑓

𝜕𝑥
 𝑡 𝑑 𝑡 + 

𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

 𝑡 𝑑 𝑊ℓ 𝑡 ;         (2.9)

𝑕𝜉(𝑡) =
𝜕𝑓

𝜕𝜉
 𝑡 𝑑 𝑡 + 

𝜕𝑔ℓ

𝜕𝜉

𝑟

ℓ=1

 𝑡  𝑑 𝑊ℓ 𝑡      (2.10)

𝑕𝜉(𝑡, 𝜗) =
𝜕𝑓

𝜕𝜉
(𝑡, 𝜗)𝑑 𝑡 + 

𝜕𝑔ℓ

𝜕𝜉

𝑟

ℓ=1

(𝑡, 𝜗)𝑑 𝑊ℓ(𝑡)(2.11)

 

 Notice that 𝑕𝜉(𝑡,⋅) is a process of stochastic differentials, which can be considered as a 

differential with coefficients in 𝐿2 𝐽, ℝ𝑑 . It is mentioned that in the present paper we will 

mainly be using the process 𝑈11
𝑥,𝜉

(𝑡); in fact as of now we write 𝑈(𝑡) instead of 𝑈11
𝑥,𝜉

(𝑡). 

The process 𝑈(𝑡) satisfies the following Delay Stochastic Differential Equation:  

𝑑𝑈(𝑡) = 𝑕𝑥(𝑡) ∘ 𝑈(𝑡) +  𝑕𝜉𝐽
(𝑡, 𝜗) ∘ 𝑈𝑡(𝜗)𝑑𝜗,                                    (2.12) 

and its delay  𝑈𝑡 : 𝑡 ≥ 0  satisfies:  

𝑑𝑈𝑡 ⋅ = 𝑕𝑥,𝑡 ⋅ ∘ 𝑈𝑡 ⋅ +  𝑕𝜉 ,𝑡𝐽
 ⋅, 𝜑 ∘ 𝑈𝑡+⋅ 𝜑 𝑑𝜑.               (2.13) 



International Journal of Contemporary Applied Sciences                  Vol. 3, No. 1, January 2016   

(ISSN: 2308-1365)                                                                                               www.ijcas.net 
 

 

226 
 

where, for 𝜗 ∈ 𝐽, ([E: SDEU delay1]) is equivalent to  

𝑑𝑈 𝑡 + 𝜗 = 𝑕𝑥 𝑡 + 𝜗 ∘ 𝑈 𝑡 + 𝜗 +  𝑕𝜉𝐽
 𝑡 + 𝜗  𝜑 𝑈𝑡+𝜗 𝜑 𝑑𝜑.          (2.14) 

 Here, symbols like 𝑕𝑥(𝑡) ∘ 𝑈(𝑡) and 𝑕𝜉(𝑡) ∘ 𝑈𝑡  have to be interpreted as Stratonovich 

differentials. In other words the integrals  𝑕𝑥
𝑡

0
(𝑠) ∘ 𝑈(𝑠) and  𝑕𝜉

𝑡

0
(𝑠) ∘ 𝑈𝑠 must be treated as 

Stratonovich integrals. Put 𝐹(𝑡) = 𝑈(𝑡)𝑉(𝑡), and suppose that 𝐹(0) = 𝐼 and  

𝑑𝐹(𝑡) = 𝑕𝑥(𝑡) ∘ 𝐹(𝑡) − 𝐹(𝑡) ∘ 𝑕𝑥(𝑡) +  𝑕𝜉
𝐽

(𝑡, 𝜑) ∘ 𝐹𝑡(𝜑)𝑑𝜑 − 𝐹𝑡
𝐽

(𝜑) ∘ 𝑕𝜉(𝑡, 𝜑)𝑑𝜑, 

with 𝐹(0) = 𝐼. Then 𝐹(𝑡) = 𝑈(𝑡)𝑉(𝑡) = 𝐼. This follows from the uniqueness part of the theory 

of stochastic differential equations. This means that if the process  𝑈(𝑡): 𝑡 ≥ 0  is given, then 

𝑉(𝑡) is its inverse. 

Let us recall the following equations:  

𝑈 𝑡 𝑉 𝑡 = 𝑈 0 𝑉 0 = 𝐼,   and thus                 (2.16)

0 = 𝑑 𝑈 ⋅ 𝑉 ⋅   𝑡 = 𝑑𝑈 𝑡 𝑉 𝑡 + 𝑈 𝑡 𝑑𝑉 𝑡 + 𝑑 < 𝑈 ⋅ , 𝑉 ⋅ >  𝑡 .            (2.17)
 

 Then by multiplying equation (2.17) by 𝑉(𝑡) and using the fact that 𝑈(𝑡)𝑉(𝑡) = 𝐼 we obtain  

𝑉 𝑡 𝑑𝑈 𝑡 𝑉 𝑡 + 𝑑𝑉 𝑡 + 𝑉 𝑡 𝑑 < 𝑈 ⋅ , 𝑉 ⋅ >  𝑡 = 0                                        (2.18) 

 We also recall the already given equation  

𝑑𝑈 𝑡 = 𝑕𝑥 𝑡 𝑈 𝑡 +  𝑕𝜉𝐽
 𝑡, 𝜗 𝑈𝑡 𝜗 𝑑𝜗.                                                  (2.19) 

 Next we observe that equations (2.18) and (2.19) and 𝑈(𝑡)𝑉(𝑡) = 𝐼 enable us to rewrite 

𝑑 < 𝑈(⋅), 𝑉(⋅) > (𝑡) in the following form  

𝑉 𝑡 𝑕𝑥 𝑡 + 𝑉 𝑡  𝑕𝜉𝐽
 𝑡, 𝜗 𝑈𝑡 𝜗 𝑑𝜗𝑉 𝑡 + 𝑑𝑉 𝑡 + 𝑉 𝑡 𝑑 < 𝑈 ⋅ , 𝑉 ⋅ >  𝑡 = 0.    (2.20) 

Observe that equations (2.18) and (2.20) are equivalent. Then by looking at the martingale parts 

of the SDE’s (2.19) and (2.20) we can compute the covariance process in (2.20) and get  
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𝑑 < 𝑈(⋅), 𝑉(⋅) > (𝑡)

= − 
𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡)𝑈(𝑡)𝑉(𝑡)
𝜕𝑔ℓ

𝜕𝑥
(𝑡)𝑑 𝑡 − 

𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡)𝑈(𝑡)𝑉(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)𝑑 𝑡

 −  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)
𝜕𝑔ℓ

𝜕𝑥
(𝑡)𝑑 𝑡

 −  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗𝑉(𝑡)𝑑 𝑡

= −  
𝜕𝑔ℓ

𝜕𝑥
(𝑡) 

2𝑟

ℓ=1

𝑑 𝑡 − 
𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)𝑑 𝑡

 −  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)
𝜕𝑔ℓ

𝜕𝑥
(𝑡)𝑑 𝑡 −   

𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 

2

𝐽

𝑟

ℓ=1

𝑑 𝑡

= −  
𝜕𝑔ℓ

𝜕𝑥
 𝑡 +  

𝐽

𝜕𝑔ℓ

𝜕𝜉
 𝑡, 𝜗 𝑈𝑡 𝜗 𝑑𝜗 𝑉 𝑡  

2
𝑟

ℓ=1

𝑑𝑡.         (2.21)

 

 It follows that 𝑉(𝑡) satisfies the following stochastic differential equation:  

𝑑𝑉(𝑡) = −𝑉(𝑡)𝑕𝑥(𝑡) − 𝑉(𝑡)   
𝐽
𝑕𝜉(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)

+𝑉 𝑡   
𝜕𝑔ℓ

𝜕𝑥
 𝑡 +  

𝐽

𝜕𝑔ℓ

𝜕𝜉
 𝑡, 𝜗 𝑈𝑡 𝜗 𝑑𝜗𝑉 𝑡  

2
𝑟

ℓ=1

𝑑𝑡.       (2.22)
 

Remark:Now we try the following Delay Stochastic Differential Equation:  

𝑑𝑉 𝑡 = −𝑉 𝑡 𝑕𝑥 𝑡 −  𝑉𝑡𝐽
 𝜗 𝑕𝜉 𝑡, 𝜗 𝑑𝜗 + 𝑉 𝑡 𝐴 𝑡 𝑑 𝑡 +  𝑉𝑡𝐽

 𝜗 𝐵 𝑡, 𝜗 𝑑𝜗 𝑑 𝑡.    (2.23) 

 Suppose that a process like 𝑉(𝑡), 𝑡 ≥ 0, exists; i.e. suppose that 𝑈(𝑡)𝑉(𝑡) = 𝑉(𝑡)𝑈(𝑡) = 𝐼 (on 

an appropriate Hilbert space). Then a combination of (2.23), (2.19), (2.20), (2.21), and (2.10) 

yields:  
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𝑉(𝑡)𝑕𝑥(𝑡) + 𝑉(𝑡) 𝑕𝜉
𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗𝑉(𝑡) − 𝑉(𝑡)𝑕𝑥(𝑡) −  𝑉𝑡
𝐽

(𝜗)𝑕𝜉(𝑡, 𝜗)𝑑𝜗

 +𝑉(𝑡)𝐴(𝑡)𝑑𝑡 +  𝑉𝑡
𝐽

(𝜗)𝐵(𝑡, 𝜗)𝑑𝜗 𝑑𝑡

 −𝑉(𝑡) 
𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡)𝑈(𝑡)𝑉(𝑡)
𝜕𝑔ℓ

𝜕𝑥
(𝑡)𝑑 𝑡

 −𝑉(𝑡) 
𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡)𝑈(𝑡)𝑉(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗𝑉(𝑡)𝑑 𝑡

 −𝑉(𝑡)  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)
𝜕𝑔ℓ

𝜕𝑥
(𝑡)𝑑 𝑡

 −𝑉(𝑡)  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)𝑑 𝑡

= 𝑉(𝑡) 
𝜕𝑓

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 𝑑𝑡 + 𝑉

𝑟

ℓ=1

(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑑 𝑊ℓ(𝑡)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)

 − 𝑉𝑡
𝐽

(𝜗)
𝜕𝑓

𝜕𝜉
(𝑡, 𝜗)𝑑𝜗  𝑑𝑡 −  𝑉𝑡

𝐽

𝑟

ℓ=1

(𝜗)
𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑑𝜗 𝑑 𝑊ℓ(𝑡)

 +𝑉(𝑡)𝐴(𝑡)𝑑𝑡 +  𝑉𝑡
𝐽

(𝜗)𝐵(𝑡, 𝜗)𝑑𝜗 𝑑𝑡

 −𝑉(𝑡)  
𝜕𝑔ℓ

𝜕𝑥
(𝑡) 

2𝑟

ℓ=1

𝑑 𝑡 − 𝑉(𝑡) 
𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)𝑑 𝑡

 −𝑉(𝑡)  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)
𝜕𝑔ℓ

𝜕𝑥
(𝑡)𝑑 𝑡

 −𝑉(𝑡)   
𝐽

𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 

2𝑟

ℓ=1

𝑑 𝑡 = 0.

 

(2.24) 
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A possible choice for 𝐴(𝑡) could be                                                            

𝐴(𝑡) = − 
𝜕𝑓

𝜕𝜉𝐽

 𝑡, 𝜗 𝑈𝑡 𝜗 𝑑𝜗 𝑉 𝑡             (2.25)

 +  
𝜕𝑔ℓ

𝜕𝑥
(𝑡) 

2𝑟

ℓ=1

+ 
𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗𝑉(𝑡)

 +  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)
𝜕𝑔ℓ

𝜕𝑥
(𝑡) +   

𝐽

𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 

2𝑟

ℓ=1

= − 
𝜕𝑓

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) +  
𝜕𝑔ℓ

𝜕𝑥
(𝑡) +  

𝐽

𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 

2𝑟

ℓ=1

,

 

and for 𝐵(𝑡) it could be  

𝐵 𝑡 =
𝜕𝑓

𝜕𝜉
 𝑡 .                                        (2.26) 

 In order to achieve (2.24) we are then lead to the equation  

 𝑉𝑟
ℓ=1  𝑡  

𝜕𝑔ℓ

𝜕𝜉𝐽
 𝑡, 𝜗 𝑑 𝑊ℓ 𝑡 𝑈𝑡 𝜗 𝑑𝜗𝑉 𝑡 −   𝑉𝑡𝐽

𝑟
ℓ=1  𝜗 

𝜕𝑔ℓ

𝜕𝜉
 𝑡, 𝜗 𝑑𝜗𝑑 𝑊ℓ 𝑡 =

0.         (2.27) 

 Equation (2.27) is equivalent to the following one:  

  𝑉
𝐽

𝑟
ℓ=1  𝑡 

𝜕𝑔ℓ

𝜕𝜉
 𝑡, 𝜗 𝑑 𝑊ℓ 𝑡 𝑈𝑡 𝜗 𝑑𝜗𝑉 𝑡 =   𝑉𝑡𝐽

𝑟
ℓ=1  𝜗 

𝜕𝑔ℓ

𝜕𝜉
 𝑡, 𝜗 𝑑𝜗𝑑 𝑊ℓ 𝑡 .            (2.28) 

 If (2.28) were true then the choice (2.25) and (2.26) of the respective processes 𝐴(𝑡) and 𝐵(𝑡) 

would result in the following equation for 𝑉(𝑡):  
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𝑑𝑉(𝑡) = −𝑉(𝑡)𝑕𝑥(𝑡) −  𝑉𝑡
𝐽

(𝜗)𝑕𝜉(𝑡, 𝜗)𝑑𝜗 − 𝑉(𝑡) 
𝜕𝑓

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗𝑉(𝑡) 𝑑𝑡

+𝑉(𝑡)  
𝜕𝑔ℓ

𝜕𝑥
(𝑡) 

2𝑟

ℓ=1

 𝑑𝑡 + 𝑉(𝑡) 
𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 𝑑𝑡

+𝑉(𝑡)  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)
𝜕𝑔ℓ

𝜕𝑥
(𝑡) 𝑑𝑡

 +𝑉(𝑡)   
𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 

2

𝐽

𝑟

ℓ=1

 𝑑𝑡 +  𝑉𝑡
𝐽

(𝜗)
𝜕𝑓

𝜕𝜉
(𝑡, 𝜗)𝑑𝜗 𝑑𝑡

= −𝑉(𝑡)
𝜕𝑓

𝜕𝑥
(𝑡)𝑑𝑡 − 𝑉(𝑡) 

𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡)𝑑𝑊ℓ(𝑡)

−  𝑉𝑡
𝐽

𝑟

ℓ=1

(𝜗)
𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑑𝜗 𝑑𝑊ℓ(𝑡) − 𝑉(𝑡) 

𝜕𝑓

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)𝑑𝑡

+𝑉(𝑡)  
𝜕𝑔ℓ

𝜕𝑥
(𝑡) 

2𝑟

ℓ=1

 𝑑𝑡 + 𝑉(𝑡) 
𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡) 
𝜕𝑔ℓ

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗𝑉(𝑡) 𝑑𝑡

+𝑉(𝑡)  
𝜕𝑔ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡)
𝜕𝑔ℓ

𝜕𝑥
(𝑡) 𝑑𝑡

+𝑉(𝑡)   
𝐽

𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗 𝑉(𝑡) 

2𝑟

ℓ=1

 𝑑𝑡

= −𝑉(𝑡)
𝜕𝑓

𝜕𝑥
(𝑡)𝑑𝑡 − 𝑉(𝑡) 

𝜕𝑔ℓ

𝜕𝑥

𝑟

ℓ=1

(𝑡)𝑑𝑊ℓ(𝑡)

−  𝑉𝑡
𝐽

𝑟

ℓ=1

(𝜗)
𝜕𝑔ℓ

𝜕𝜉
(𝑡, 𝜗)𝑑𝜗 𝑑𝑊ℓ(𝑡) − 𝑉(𝑡) 

𝜕𝑓

𝜕𝜉𝐽

(𝑡, 𝜗)𝑈𝑡(𝜗)𝑑𝜗𝑉(𝑡) 𝑑𝑡

+𝑉 𝑡   
𝜕𝑔ℓ

𝜕𝑥
 𝑡 +  

𝐽

𝜕𝑔ℓ

𝜕𝜉
 𝑡, 𝜗 𝑈𝑡 𝜗 𝑑𝜗𝑉 𝑡  𝑑𝑡 

2𝑟

ℓ=1

.   (2.29)

 

 Consequently, equation (2.22) and equation (2.29) are equivalent, provided condition (2.28) is 

satisfied. 

Remark.Next we get the delay SDE for 𝑉𝑡  as follows: 
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𝑑𝑉𝑡 = −𝑉𝑡𝑕𝑥,𝑡 − 𝑉𝑡+⋅
𝐽

(𝜗)𝑕𝜉,𝑡(𝜗) 𝑑𝜗 − 𝑉𝑡  
𝜕𝑓𝑡+⋅

𝜕𝜉𝐽

(𝜗)𝑈𝑡+⋅(𝜗) 𝑑𝜗𝑉𝑡  𝑑𝑡

+𝑉𝑡  
𝜕𝑔𝑡

ℓ

𝜕𝑥
 

2𝑟

ℓ=1

 𝑑𝑡 + 𝑉𝑡 
𝜕𝑔𝑡

ℓ

𝜕𝑥

𝑟

ℓ=1

𝜕𝑔𝑡+⋅
ℓ

𝜕𝜉
(𝜗)𝑈𝑡+⋅(𝜗)𝑑𝜗𝑉𝑡  𝑑𝑡

+𝑉𝑡  
𝜕𝑔𝑡+⋅

ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝜗)𝑈𝑡+⋅(𝜗) 𝑑𝜗𝑉𝑡
𝜕𝑔𝑡

ℓ

𝜕𝑥
 𝑑𝑡 + 𝑉𝑡   

𝜕𝑔𝑡+⋅
ℓ

𝜕𝜉
(𝜗)𝑈𝑡+⋅(𝜗)𝑑𝜗𝑉𝑡 

2

𝐽

𝑟

ℓ=1

 𝑑𝑡

+𝑉𝑡+⋅(𝜗)
𝜕𝑓𝑡+⋅

𝜕𝜉
(𝜗) 𝑑𝜗 𝑑𝑡

= −𝑉𝑡
𝜕𝑓𝑡
𝜕𝑥

𝑑𝑡 − 𝑉𝑡 
𝜕𝑔𝑡

ℓ

𝜕𝑥

𝑟

ℓ=1

𝑑𝑊𝑡
ℓ

−  𝑉𝑡+⋅
𝐽

𝑟

ℓ=1

(𝜗)
𝜕𝑔𝑡+⋅

ℓ

𝜕𝜉
(𝜗)𝑑𝜗𝑑𝑊𝑡

ℓ − 𝑉𝑡  
𝜕𝑓𝑡+⋅

𝜕𝜉𝐽

(𝜗)𝑈𝑡+⋅(𝜗)𝑑𝜗𝑉𝑡𝑑𝑡

+𝑉𝑡  
𝜕𝑔𝑡

ℓ

𝜕𝑥
 

2𝑟

ℓ=1

 𝑑𝑡 + 𝑉𝑡 
𝜕𝑔𝑡

ℓ

𝜕𝑥

𝑟

ℓ=1

 
𝜕𝑔𝑡+⋅

ℓ

𝜕𝜉𝐽

(𝜗)𝑈𝑡+⋅(𝜗)𝑑𝜗𝑉𝑡  𝑑𝑡

+𝑉𝑡  
𝜕𝑔𝑡+⋅

ℓ

𝜕𝜉𝐽

𝑟

ℓ=1

(𝜗)𝑈𝑡+⋅(𝜗)𝑑𝜗𝑉𝑡
𝜕𝑔𝑡

ℓ

𝜕𝑥
 𝑑𝑡 + 𝑉𝑡   

𝜕𝑔𝑡+⋅
ℓ

𝜕𝜉
(𝜗)𝑈𝑡+⋅(𝜗)𝑑𝜗𝑉𝑡 

2

𝐽

𝑟

ℓ=1

 𝑑𝑡

= −𝑉𝑡
𝜕𝑓𝑡
𝜕𝑥

𝑑𝑡 − 𝑉𝑡 
𝜕𝑔𝑡

ℓ

𝜕𝑥

𝑟

ℓ=1

𝑑𝑊𝑡
ℓ

−  𝑉𝑡+⋅
𝐽

𝑟

ℓ=1

(𝜗)
𝜕𝑔𝑡+⋅

ℓ

𝜕𝜉
(𝜗)𝑑𝜗𝑑𝑊𝑡

ℓ − 𝑉𝑡  
𝜕𝑓𝑡+⋅

𝜕𝜉𝐽

(𝜗)𝑈𝑡+⋅(𝜗)𝑑𝜗𝑉𝑡𝑑𝑡

+𝑉𝑡  
𝜕𝑔𝑡

ℓ

𝜕𝑥
+  

𝐽

𝜕𝑔𝑡+⋅
ℓ

𝜕𝜉
 𝜗 𝑈𝑡+⋅ 𝜗 𝑑𝜗𝑉𝑡 

2𝑟

ℓ=1

𝑑𝑡.     (2.30)

 

Remark.    (a)All the results which we have established in this work can be extended by 

replacing the Brownian motion 𝑊 by another process 𝑍: [0, 𝑎] × 𝛺 → 𝐑𝐝, (𝑑 ∈ 𝐍) which is a 

continuous martingale adapted to {ℱ𝑡}𝑡∈[0,𝑎] and has independent increments and satisfies with 

some constant 𝐾 the inequalities  

𝐄 𝑍 𝑡 − 𝑍 𝑠   ℱ𝑠 ≤ 𝐾 𝑡 − 𝑠 and 

𝐄(|𝑍(𝑡) − 𝑍(𝑠)|2|ℱ𝑠|) ≤ 𝐾(𝑡 − 𝑠)for0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇 

Observe that the above properties of 𝑍 which we have just mentioned are the only properties of 

𝑊which we have used (in case of Brownian motion) to prove the results which we have obtained 

in this work.See (1) and (15). 
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(b)   All the lemmas and theorems in this work hold for any delay interval 𝐽′ =      [−𝑟, 0) (𝑟 ≥ 0)in 

placeof 𝐽 = [−1,0).See (1) and(15) . 
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